A reliable determination of the isospin breaking double quark mass ratio from precise experimental data on η → 3π decays should be based on the chiral expansion of the amplitude supplemented with a Khuri-Treiman type dispersive treatment of the final-state interactions. We discuss an extension of this formalism which allows to estimate the effects of the a 0 (980) and f 0 (980) resonances and their mixing on the η → 3π amplitudes. Matrix generalisations of the equations describing elastic ππ rescattering with I = 0, 2 are introduced which accomodate both ππ/KK and ηπ/KK coupled-channel rescattering. Isospin violation induced by the physical K + − K 0 mass difference and by direct u − d mass difference effects are both accounted for in the dispersive integrals. Numerical solutions are constructed which illustrate how the large resonance effects at 1 GeV propagate down to low energies. They remain small in the physical region of the decay, due to the matching constraints with the NLO chiral amplitude, but they are not negligible and go in the sense of further improving the agreement with experiment for the Dalitz plot parameters.
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Introduction
Precise measurements of Dalitz plot distributions of the η → π + π − π 0 (see [1] ) and η → π 0 π 0 π 0 decays (see [2] ) have been performed recently (see also the talks by S. Giovannella and S.
Fang at this conference). These measurements provide precious insights into the workings of the chiral expansion beyond the next-to-leading order (NLO) which is necessary in order to arrive at a reliable and precise determination of the isospin breaking double quark mass ratio
As an illustration of the importance of NNLO effects, consider the slope parameter α in the η → 3π 0 Dalitz plot. The NLO prediction [3] depends on no coupling constant (except F π ) but fails to agree with experiment,
The calculation of the η → 3π amplitudes at NNLO has been performed [4] but, in this case, predictivity is limited by the absence of model independent determination of the relevant coupling constants C r i . Part of the O(p 6 ) (and higher order) chiral effects can be attributed to final-state interactions (FSI). Indeed, the chiral NLO amplitude accounts for the FSI at O(p 2 ) only. The attractive idea was proposed long ago to treat the FSI part exactly through dispersive methods while using the chiral expansion in unphysical sub-threshold regions [5] [6] [7] [8] and then match the two representations. The formalism proposed by Khuri and Treiman [9] for treating the S-wave FSI in three-body decays was extended to P-wave rescattering and applied to the η → 3π amplitude in refs. [7, 8] . Here, we investigate a further extension of the KT equations, which goes beyond the elastic approximation, and thereby includes the influence of the a 0 − f 0 resonant mixing effects. In this regard, the formalism accounts for isospin breaking induced by the K + − K 0 mass difference via unitarity, first considered in ref. [10] , as well as the direct quark mass matrix effects.
Khuri-Treiman formalism with chiral NLO matching: elastic case
Khuri and Treiman [9] have shown that the final-state interaction problem, for three-body decays, can be recast as a problem of solving sets of integral equations involving functions of one variable. Its application to the η → 3π amplitudes [7, 8] involves three functions, M I (w), I = 1, 2, 3 such that the charged decay amplitude can be expressed as follows,
2)
The Mandelstam variables are given by s
Under the assumption of elastic unitarity, the equations can be expressed in terms of the Omnès functions,
where δ I is the ππ elastic phase shift with isospin I and J = 0 or 1. The KT equations, in the four-parameter version proposed in ref. [8] , have the following form
(with n = 2 when I = 0, 2 and n = 1 when I = 1). The functionsM I , finally, are the left-cut parts of the ηπ → (ππ) I partial-wave amplitudes T I J with J = 0, 1,
The functionsM I can be expressed in terms of the M I functions via the representation (2.1) and performing J = 0, 1 partial-wave projections, such that the equations (2.4) form a linear, self-consistent system. It is easy to verify that these equations ensure that the partial-wave amplitudes satisfy the correct elastic unitarity equations,
Strictly speaking, this form is valid in the unphysical situation where m η < 3m π . The analytical continuation of eq. (2.7) to the physical case is performed by replacing the imaginary part by the discontinuity across the unitarity cut (divided by 2i). Furthermore, in that case, the complex cut of the functionsM I overlaps with the unitarity cut and these functions diverge at the pseudo-threshold
The integralsÎ I can also be defined (and are finite) by analytic continuation. All these subtle points are explained in detail in ref. [7] . Clearly, the representation (2.1) is not the most general one for an amplitude which depends on two independent variables and must therefore hold only in a restricted region of the Mandelstam variables. It is also easy to check that this representation implies
which cannot be exactly correct but represents an acceptable approximation when the corresponding J ≥ 2 ππ phase-shifts are small, that is, in the region s < ∼ 1 GeV 2 .
Matching conditions
The parameters α 0 , β 0 , γ 0 , β 1 originate from the presence of subtractions in the dispersive representations of the functions M I . These are necessary in order to reduce the dependence on the integration region s ′ > 1 GeV 2 . We consider here a version which leads to four polynomial parameters. It is particularly convenient, since, in this case, all the parameters can be fixed from matching with the NLO chiral amplitude. The matching conditions are obtained from the simple requirement that the difference between the dispersive and the chiral amplitude of order p n should be of chiral order p n+1 , i.e., in our case,
This relation is satisfied automatically for the imaginary part of the difference, which implies that the real part can be expanded as a polynomial as a function of the variables s, t, u. Equating this polynomial to zero gives four independent equations. Expressing the chiral amplitude M ChPT (s,t, u) in the same form as eq. (2.1) in terms of three functionsM I (see [8] ) these four matching equations can be written as follows,
where all functions and their derivatives are to be taken at w = 0. Note that the integralsÎ I carry a linear dependence on the four polynomial parameters.
3. KT equations for η → 3π with KK inelastic channels
Difficulties of the general extension
The assumption of elastic unitarity seems well justified for η → 3π since the ππ energy s ≤ (m η − m π ) 2 and elastic unitarity is known to hold to a good approximation in the region √ s < 1 GeV. However, the KT equations involve integrals over an infinite energy range. In the Omnès integrals, for instance, there is an arbitrariness as to the choice of the phase to be used above the KK threshold. The subtractions and the matching equations ensure that the dispersive amplitude in the low energy region should not depend too much on the choice of phase above 1 GeV. Nevertheless, having a small number of subtractions, one expects that an improved treatment of the 1 GeV region, should result in better precision at low energy. At 1 GeV, the two resonances a 0 (980) and f 0 (980) are present and a sharp onset of inelastic ππ → KK scattering in the S-wave is observed.
Extending the unitarity relations to include the three KK channels leads one to consider the transition amplitudes from K + K − , K 0K0 , K +K0 to π + π − , π 0 π 0 , π + π 0 and to ηπ 0 , ηπ + . Each of these physical amplitudes can be expressed in terms of functions of one variable, analogous to eq. (2.1). Unfortunately, a separation of each amplitude into an isospin violating and an isospin conserving component is not possible at this level because the kinematical constraint on s + t + u is different for K + K − and K 0K0 amplitudes. This separation can be made only after performing the partial wave projections. This feature complicates the derivation of a general self-consistent set of KT equations including the KK channels. In the following, we will show that a simple approximation can be made which should provide a sensible order of magnitude for the influence of these channels on the η → 3π amplitude.
Coupled-channel unitarity relations
Let us now focus on the J = 0 partial waves. We will have to consider the following isospin conserving amplitudes with I = 0, 1
while for I = 2, coupling to KK cannot occur and we will continue to use the elastic approximation in that case 1 . We can classify the isospin violating amplitudes into two classes: a) I = 0 → I = 1 transitions and b) I = 1 → I = 2 transitions,
We can then write the unitarity relations for these two sets of isospin violating amplitudes which now include KK inelasticity. For T T T (01) , and to first order in isospin breaking, they read
The last term in eq. (3.3) accounts for isospin violation induced by the K + − K 0 mass difference via the function
The unitarity relation for the T T T (12) amplitudes, now, reads
1 Inelasticity will also be ignored for J = 1 scattering. Recall that we are mainly interested here in accounting for the effects of the I = 0, 1 scalar resonances.
Coupled-channel KT equations
The next step is to separate each isospin violating partial-wave amplitude, which is an analytic function with two cuts into two functions, one having a right-hand cut and one having a left-hand cut. In matrix form,
It is now easy to derive a matrix generalisation of the KT equations (2.4) involving M 0 and M 2 . For the matrix M M M 0 , one has
where Ω Ω Ω I are Muskhelishvili-Omnès (MO) 2x2 matrices, which must be computed numerically from the I = 0, 1 T -matrices and P P P 0 is a matrix of polynomials involving 12 parameters. The matrices of integrals, finally, read 
Verifying that eq. (3.12) is satisfied is a good check of the numerical implementation of the KT representation (3.9). The analogous equations derived from the T T T (12) amplitudes read
with Î 2 (w))
Note that both the f 0 (980) and the a 0 (980) resonances are present in the representation (3.9) of the M M M 0 functions via the two Omnès-Muskhelishvili matrices (see fig. 2 ).
Matching equations
For the ηπ → ππ amplitudes we can use, as before, the four matching equations associated with the NLO chiral amplitudes. The set of matching equations (2.10) is easily generalised to the coupled-channel situation by using the corresponding KT representations for M 0 , M 1 , M 2 . In contrast, for the amplitudes which involve the KK channels, we do not have a complete set of self-consistent KT equations which would enable us to determine the left-cut functions in terms of the right-cut ones. Thus, we cannot use the NLO amplitudes to perform the matching. The set of equations is sufficient, however, for matching to leading order chiral amplitudes. Indeed, at LO the chiral amplitudes have no left-hand cut. Accordingly, we can make the approximation to set the left-cut functions [M M M 0 ] i j equal to zero when i j = 12, 21, 22 andĜ 12 = 0. The polynomial parameters may then be fixed such as to reproduce the O(p 2 ) expressions
The low energy behaviour of the these isospin violating KK amplitudes, resulting from this matching procedure, is illustrated on fig. 1 . We still need to define the I = 0, 1 MO matrices which enter in the formulation of the coupledchannel KT equations (3.9) (3.13). For I = 0, we can rely on extensive phase-shift analysis of ππ scattering performed long ago. New high-precision measurements of the S-wave phase shift near threshold from K l4 decays have appeared [11] and new Roy equations solutions have been derived [12, 13] . Measurements of the inelastic ππ → KK amplitude have also been performed (see e.g. [14] ). This allows one to derive a two-channel model for the T -matrix and then, imposing appropriate asymptotic conditions, to compute numerically the corresponding MO matrix Ω Ω Ω 0 by standard methods [15, 16] . For I = 1, in contrast, there have been no measurements of πη scattering phase-shifts, but the properties of the a 0 (980) have been established via its final-state interaction effects. We will use here a two-channel T -matrix model [17] constrained by the properties of the a 0 (980) and a 0 (1450) resonances and by matching with NLO ChPT at low energy. We also used implemented NLO chiral results on ηπ and KK I = 1 form factors, which are linearly related to the MO matrix Ω Ω Ω 1 , and provide additional constraints on the behaviour of the phase shifts above 1 GeV. As an illustration, we show in fig. 2 
η → 3π amplitudes from KT solutions
Results for the η → 3π 0 amplitude obtained from solving the KT equations in the elastic approximation and their inelastic extension as discussed above, are shown in fig. 3 . The figure shows that the a 0 and f 0 resonances induce a very large energy variation in the 1 GeV region, which is essentially absent in the elastic approximation, and how this effect propagates down to lower energies.
Numerical (preliminary) results for the Dalitz plot parameters of η → π + π − π 0 and η → π 0 π 0 π 0 are shown in table 1 and compared with experimental results. The results associated with KT solutions are predictions based on the matching equations (2.10) and involve no fitted parameter. The improvement, as compared to using the chiral NLO amplitude directly in the physical region is spectacular 2 . The effects of the a 0 , f 0 resonances can be as large as 10% and seem to improve the agreement with experiment, in particular for the parameter α.
Conclusions
We have developed a formalism which, within a simple approximation scheme, allows us to 
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